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ABSTRACT

For a c]a8s of functions of several variables, which contains the

conti~~ oug functions, we show that there exists a sum of functions of one

variable that minunizes the distance from the given function to the space

of such sums. For functions of two variables we show that such a minimiz-

ing sum may be constructed by an iterative scheme.
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SIGNIFICANCE AND EXPLANATION

Often it is desirable to approximate a given function as closely as

possible by a member of a class of functions that are , in some sense , simpler

than the original function.

In this paper we consider the approximation of a function of several

variables by sums of functions of one variable relative to the supremum norm.
-3
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It is not obvious that a best such approximation exists. We prove that such

an approximation does, in fact, exist if the domain of the function to be

approximated is a rectangle in a generalized sense, and if the function is in

a certain class which includes the Continuous functions. Also, if we

consider functions of two variables, we show that a best such approximation

may be found by an iterative method.
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A NOTE ON THE APPNOXDIATION OP FUNCTIONS OF SEVERAL VARIABLES

BY ~ JNS OP J UNCTIONS OP ONE VARIABLE

C. T. Kelley

I • Introduction

Let be compact subsets of the reals. Let fl — X x •~~~• x f l .

Let L_ ffl) be the Banech space of essentially bounded real-valued functions on fl

with the suprem~~ norm. Let S (0) denote the closed eubspace of L U)) consisting

of sums of the form 
~ 

f~~, with f~ E L~ (0~ ) .
i—i

Let KU) ) be the closure of all finite suns of the form
I’ a

~ ~k~~’ 
where I L ( f l~ ) for 1 < j < a .  KU)) is a closed subalgebra

k 1  j—i -‘
of L U)) ; K U)) contains the continuous function s on 0; SW ) C K U) ) . In fact ,

KU ) ) is the smallest subaigebra of L , (0) containing SW ) . For k e L U ) )  we

define a functional u (k) by

(1.1) ~i ( k) — inf Ilk — fIl
feg ( fl)

In C li • Diliberto and Straus considered the problem of findi ng a sequence

{
~~

} C SW) so that h a  Il k - f Q — ‘~i (k) . They were able to do this and for

continuous k, their sequence possessed a convergent subsequence . He nce , for continuous

k , the infimum in (1.1) is attained . The purpose of this note is to show that the

j nfimua in (1.1) is atta ined for all k e KU ) ),  and that for a — 2, th. iterat ion

scheme of Diliberto and Stra us converges for all k I K U)) . Th•sq results partially

ansi~~r questions raised in (ii .

Sponsored by t)~e Uni ted States Army under Contract No. DAAG29-75-C-0024 and the
• National Science Foundation under Grant lID • NCS75 17385 AOl.
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II.

For k C L_ Ui) and 1 ~ j  ( a define H~~Dt) I L_ (0~ ) by,

(2.1) N~(k)(z~) — (ass sup k (x) + •55 m t  k(x)), a.e. x
ZjIQ j Z~C0~

i*j

The ssq~.nce ( f }  of Diiib.r to and Straus is defined as follows . Let {kn
} be given by $

(2. 1)

— k — H1
(k)

— k — H
1
(k) — H2(k - H1

(k)) ,

— Ilap+r_l — Hr (kap+r_i) for 1 ~ r a

- 
- ~~ define 

~a ~~~“

(2.2) f — k — k
ii n

The following theor em ii due to Dilibsrto and Straus .

Theorem (2.1) . For k i  L_ (Q) , let k be given ~x. (2.1) .

u~ Ik 5 II — l~~ III’ — f~II — ~ (k)
fl4

Moreover , !2~ ~ ~~. l~ Ik~II ~~ 
Ilkn_1lI ~~ ____

lIf 5II ~.2IIkII 8

We list some obvious properties of the functions Nj (k) in the following l~~~ a

i a  (2. 1) . Let k L_ (Q) , let I L_ (a i
)
~ 

and let {E~ } 
~ 

be finitely

many disjo int measurable sets in such that — ü E~~. Let x 
~ 

deno te the
+ r l  Er

characteristic funct ion of I~ . Let (ci }R~~~~ be real, and let ~~~~~~~ 
C I._ (fl)

be independent of Xj. Then,

—2 —
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(a) H~ (k + ~~) — H
iCk) +

(b) II k — Hi 
(~ ) II I Ilk fi

(c) H (~ ,k) — $ H (k)i i  i i

Cd) H
i[r~i s—l re Ei s  

— 

r—l ~rs~s

For f I SU) ) , we may write f — 

~ ~~~~
, with e L_(Oi). This representation

of f is unique in the sense that if f —  I 
~~~~~~

. 

~ ~~ then there are constanta
+ 

a ~ ‘i i—l
so that 

~ 
— 0, and 4, + 6 — ~ • Now let f C SW) and let

i—l i i i

— 

i—h ~~~~ 

I L ,(0~ ) .  For k C L_ (Q) define 
~~~~~ 

— I *~~~‘ 
where I L ,W~ ) +

is given by
i-i a

(2.3) *~ 
— H~ (k 

— 1 *4 — I c4 )
i—i -I

Note that each individual depends on the representation f :  
~ ~~

• However ,

(f) does not depend on the representation of f • Indeed if f — + 6 . ,
i—i

where the 6~ ’s are constants such that ) 6~ — 0, let be defined by (2.3) with

+ 
replaced by + 6 . .  We have 

m

*1 
H
1
(k - 

i~2 
~~~~ + 6k )) — H1

(k - 

i~2 
~ 

— 

i~2 ~

• : •l + 6
~
. Hence — 

~2 
— 6

i 
- 

~~~~~~ 

6
i 

•
2 

+ 6
2
. Continuing in this way we obtain

$ — 4, + 6 , for all i , and hence 
~~ 

— 
~ 4P~~~. Note that Q is continuous

i—l i—I

aS a map on SW).

For k I t. ,W) let f be given by (2 .2 ) , then for p > I

(2.4) f — Q~(O)

+ 

Also by Theorem (2.1) for any k C L_ U)) and f I SU )) we have Ilk — 

~~~~~~~~~~ ~ I Ilk —

Hence for each k , maps bounded sets in SU)) to bounded sets in S(0) .

Theorem (2.2) . Let k C KU)) • is a compact !~~ on 5(0) . Hence (Q~ (0) 
~p—l

has a convergent subsequence and the inf inum in (1.1) is attained.
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Proof. We give the proof for a - 2. The proof for arbitrary a is similar.

Note first that for j — 1,2 and k11k2 C L,_ (0), we have

+ 
(2.5) mexIH~ (k1~~z~

) — H~ (k
2)(x~)I I Ilk1 — k2 ll

If f(x 1,x2) — $1(x1) + 
2~~ 2~~’ 

t b f l

(2.6) 
~~~~ 

— H
1
(k — 

~~~ 
+ H

2
(k — H

1
(k — 

~~~~

Hence, for any f C 5(0), k
1

,k
2 

I L U)),

(2.7) 11
~ k1~~~ 

— 

~~~~~ 
II I 3Il”~ 

— k2 11

Let £ ~ 0. As k C KU)) . we may find finitely many disloint measurable sets +

in such that U E~ — and real numbers 
~~rs~~,su.l’ 

so that +

r—1 +

(2.8 ) Ilk - ~ 5x lx II < e/3
r,s 1  r B B5r 2

Now let k — 
~ 

DrsX 1x 2 For f — + I SW ), we have, by Lesma (2.1), that
r,ssl E B

r •

— 

rL 
x i i t l mrs’~E2 - ~2) 

+ 
s—i E

2 2[r_l 
UrsXEl 

— H
1
(k -

As x 2 

~~~ 

are independent of x
1
, H

i[
~~ u 5x 2 — ~2) 

is constant for each r.

Similarly H2 
} u~5x 1 - H1(k — 

~~~ 
is constant. Hence has finite dimensional

r l  B

range.

We apply (2.7) twice to obtain

(2.9) 
~~~~ 

— Q~
(f) II 13 11k— kll < £

Hence is the uniform limit of maps on 5(0) which have finite dimensional

+ range. This completes the proof . +

We note that Theorem (2.2 )  is in a sense a converse of a theorem in (21 . Golomb

showed , in a general Banach space setting , that if one assumes that the minimum in

(1.1) is attained, then Theorem (2. 1) holds.
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The reader should note that if k is continuo us on 0 , so is Q1’(O) for each p > i .

Hence if k is continuous the infimum in (1.1) is attained at a continuous f I SW).

In order to prove the final result we req uire the following theorem of Diliberto

+ 
and Straus.

~~ Theorem (2.3) .  Let a — 2, k C K U) ) . Let k be given ~~ (2.1) , and let k5

+ 
be any limit point of the sequence {k ~ ) .1 . !.~. ~~~~

H1
(k) (x i) — 0, H

2
(k) (*2) — 0 for a.e. (*11*2

)

I Theorem (2.4) .  The sequence {k }, and hence the sequence 
~~~~~ 

convergesr in LU)).

Proof. Let k~ be any limit point of the sequence {k
2n
}
~~i~ 

Write

I k — k~ + 
~ l + ~2 with I L,,(0~). Then for n > 2 we have k

2 — k5 + ~
(n) + ~~(n)

I 

and

(2.10) ~~(n) 
— —H (k + ~~(n_ l) )1 1 2 +

f (n)

~2 2 l~~~~~ +

As H1(k ) — H 2 (k) — 0 a.e. we have , for a > 2 +

(2.11) -ess ~~~ ~~(n) C x )  I ess sup ~~Cn ) C x )  I -ess m t  ç(n~l) Cx)
*2102 Z

i
lD

i *2
(0

2

ass sup ,(n) ( x )  I —ess m i  ~~~ (x
l

) I ~~~ ~~~ ~
(n—l) (x 2)

*1
(0
1 *1

101 *2
(0

2 +

- Now there is . by assumption, a subsequence {k 2~ ~ 
1 

of {k
2~
} .1 which

(a4) ~ In 4)
I converges uniformly to k~~. This means him lI~ ‘ + 

~ 2 
‘ II — 0. Thu in turn implies

that ther. is a real isaber c, so that

(it ) (a)
(2.12) him — — ~~~~~~ 2

choo. £ ‘ 0. There is J0 so that j  > J0 implie, that

• (it) ( a )
(2.13) 1I.~ 

~ — c f l c /2, ll~ ~ + ct l c 6/2 .

t
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a~t (2.11) implies that, for all k > 0, and a.e. (x
lsx2

)
~

(a 4k)
(2. 14) c — £/2 <

~~l 
~~ (xl

) I C  + z/2

(n +k)
—c — e/2 1$ 2~~

° (*2) I C + t / 2  . 
+

Hence for all n > nj0~ we have

(2.15) 1I”~~ 
+ ~~~~~ n

Hence h a  k2 — k~~. As linlI k2~~— k2~41II — him 11111 
(k
2 ) ll — 0, him k2~~ 1 — k, This

c~~ipletes the proof. +

We note that these results generalize dir ectly to the case where each ()~ is a

compact Hausdorff space endowed with a positive , regular Borel measure and 0

is given the measure ‘ 
~
‘
2 

X ... X u .  The functions k, H~~(k)~ and f may be

allowed to have values in ~~ if supremums and inf iu~uns are understood to be taken

cc.ponentvise.

+ Finally, the author would like to thank Professor Michael Golomb of NRC and 
+

Purdue Universit y , Dr. Dennis Pence of NRC, aid Professor N. C. Crandall of NRC and

the university of Wisconsin for helpful discussions regarding this work.
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